In this work, we derive an upper bound on energetic quantities, namely vacuum energy and free energy, for static solutions of Einstein-Scalar theory in four dimensional asymptotically locally Anti-de Sitter(AlAdS) spacetime with a nontrivial scalar potential where the scalar field mass parameter(m 2 ) is equal to 0 or -2. This system is the holographic dual of strongly coupled conformal field theory(CFT) in three dimensions being deformed by a relevant or marginal scalar operator of conformal dimension ∆ = 1, 2, 3. The bound is derived from a purely gravitational perspective regardless of the inhomogeneity of the static conformal boundary of AlAdS and the source of the deformation. We demonstrate the bound in simple settings and check the consistency with the known previous bounds.
Introduction
The AdS/CFT correspondence [1] [2] [3] or informally known as holographic duality has proved to be greatly useful in the vast area of theoretical physics both directly related to its original motivation such as string theory, quantum gravity, black hole physics and its applications to neighbouring fields such as quantum chromodynamics dynamics(QCD), condensed matter physics, quantum information theory, etc. In this paper, we consider the scenario of gravity in asymptotically locally Anti-de Sitter (AlAdS) spacetime 1 which is dual to a holographic quantum field theory in curved spacetime(a review in this topic can be found in [5] ) with one extra ingredient other than pure gravity; namely a scalar field is added to the bulk gravity theory in AlAdS. This additional scalar field in the bulk is dual to a deformation of the dual conformal field theory where the dimension of the dual operator depends on the mass of the scalar field. In the limit where the scalar field, φ, is allowed to backreact on the geometry, the details of the bulk geometry will be strongly affected by the details of scalar field such as its boundary conditions and potential V (φ). This topic has received attentions and various important results have been found, for example, [6] [7] [8] [9] [10] . Yet still, in AlAdS 4 , the structure of the theory is distinctively simple enough so that some general and very nontrivial results can be drawn without too many restrictions on its structure such as isometries of the spacetime and the type of potentials.
The main question to be answered in this paper is: How do the properties of boundary conditions and potentials of the scalar field affect or constrain the properties of static solution in Einstein-Scalar theory in AlAdS 4 ? More specifically, how do these affect the physical quantities of solutions? And on what condition do they dictate the existence of those constraints on physical quantities? In this regard, for pure gravity in AlAdS 4 , the answer has been given in terms of the free energy bound(which becomes the vacuum energy bound in the zero temperature limit) in [11] . The similar results for gravity with the massless scalar field without a potential in AlAdS 4 are shown in [12] .
By the nature of Einstein-Scalar theory, the choices of potentials for the scalar field is infinite, therefore we keep our discussion as general as possible by not assuming a specific form of the potential in our derivation. As the results whose details will be laid out later in this paper show, an upper bound on physical quantities of static solutions of Einstein-Scalar theory can be given for scalar fields whose potential satisfies a specific condition. When the condition is met, the upper bound is guaranteed to exist. The main result can be stated briefly as the following:
Main result For static solutions of Einstein-Scalar theory in AlAdS 4 with conformal boundary topology R × Σ where Σ is a static arbitrary curved two dimensional space 2 with finite volume and no singularity or event horizon on the conformal boundary is allowed. The scalar field φ is subjected to boundary conditions determined by two functions α(x), β(x) which are coefficients of the near boundary expansion in the radial direction of the bulk where x is the spatial coordinates on the conformal boundary. Specifically, in this paper, we only consider the scalar field which corresponds to the operator of dimension ∆ = 1, 2, 3. The condition on the potential of the scalar field is set by the function B(φ) = V (φ)/ℓ 2 + V (φ) 2 /6 − V ′ (φ) 2 /4. When B(φ) ≥ 0 for all φ, the following bound is guaranteed to exist:
• Finite temperature: Free energy for the finite temperature solution is bounded above
• Zero temperature: as the T → 0 limit is taken, the free energy bound becomes the vacuum energy bound
where H is a killing horizon whose surface gravity is related to its Hawking temperature by κ = 2πT , χ(H) is the Euler characteristic of the horizon and Dϕ is the derivative of ϕ which is the value of φ on the horizon.
In both of these cases, f bc is a coefficient that depends on the dimension of the dual operator ∆ and boundary conditions of the scalar field and C T is an effective central charge [13] of the dual CFT which is related to the bulk gravity quantities, AdS length ℓ and Newton constant G 4 by
which is taken to be large(C T ≫ 1) in order to make the bulk classical gravity plus scalar field system be the valid holographic dual of the dual CFT [2] .
This paper is organised as the following. The setup and the basic properties of Einstein-Scalar theory in AlAdS spacetime will be described in section (2) . The analysis of equations of motion, derivation of the general results and examples of potentials of the scalar field that obey the bound based on the condition given by function B(φ) is given in section(3). In section(4), the main result in terms of the upper bound on free energy and vacuum energy is given. An alternative perspective on the holographic bound is discussed and solutions to some simple cases are given in section (5) . Verification of the bound based on numerical black hole and soliton solutions for a scalar field with general boundary conditions is shown and extra results on the upper bound on the mass of solitons in designer gravity are demonstrated in section (6) . Conclusion and discussion of the results and some open problems based on these results are given in section (7) . Details of the near boundary and near horizon expansions for quantities in the bulk are given in the appendix.A. The derivation of on-shell action is given in appendix.B.1.
Notation convention Indices for full spacetime coordinates are denoted by capital latin A, B, . . . ∈ {0, 1, 2, 3}. Indices for coordinates in spatial directions are denoted by lower case latin starting from i, j, . . . running from 1 to 3. The radial coordinate of bulk spacetime is usually denoted by r and the context in which r is used will be clarified at the beginning of each discussion throughout the paper. Greek indices refer to coordinates in timelike conformal boundaries of AlAdS spacetime, in this case the full spacetime coordinates will be split into x A = {r, x µ }. Lowercase latin indices a, b, . . . denote the coordinates on two dimensional spacelike surfaces at conformal boundaries or horizons, such that x µ = {t, x a }.
Setup
In this section, we review some basic properties of Einstein-Scalar theory in AlAdS spacetime and introduce the spacetime frame namely, the "optical frame" which we use to describe general static solutions in Einstein-Scalar theory and derive the main result.
Generalities
We consider gravity and a scalar field in four dimensions with the action for the metric g AB and scalar field φ
where (M, g AB ) defines the bulk geometry and S bndy is the boundary term 3 of the action which is being integrated on the timelike conformal boundary ∂M of AlAdS. Generically, the potential of the scalar field takes the form V (φ) = 2Λ + 1 2 m 2 φ 2 + O(φ 3 ) such that the AdS 4 spacetime with Λ = −3/ℓ 2 is the solution when φ = 0, where ℓ is the AdS length and 2κ 2 4 = 16πG 4 . The equations of motion for the full spacetime metric g AB and scalar field φ are
Since the scalar field backreacts on the geometry, even though the spacetime is asymptotically locally AdS, the geometry deep inside the bulk can be drastically different from pure AdS spacetime as a consequence of the potential for the scalar field and the profile of the asymptotic behaviour of the scalar field itself.
Nevertheless, one universal feature of Einstein-Scalar theory is that the potential V (φ) determines the asymptotic behaviour of the scalar field near the conformal boundary. Let's discuss the general case of a d + 1 dimensional bulk first. According to the holographic dictionary, adding the scalar field to the pure gravity sector in AlAdS d+1 corresponds to adding the deformation by a single trace operator to the dual CFT d in the following manner 4 S
where J(x) is a source and O(x) is a spin zero, single trace operator of mass dimension ∆ andḡ is the metric of spacetime on which the CFT d lives. From the analysis of the scalar field equation
the mass parameter is related to the conformal dimension of its dual operator as m 2 ℓ 2 = ∆(∆ − d) where the two solutions of ∆ for the given m 2 are the following
since ∆ ± have to be always real, m 2 can be negative but cannot be less than the Breitenlohner-Freedman bound [17] [18] given by
Furthermore, there exists the lower bound on ∆ called the "unitarity" bound ∆ ≥ d 2 − 1. The parameter m 2 in the potential is fixed, ∆ ± are too and subsequently the asymptotic behaviour of the scalar field near the boundary (where r → ∞ in this radial coordinate) takes the form
where . . . are subleading terms whose coefficients depend on α, β 5 . Since an AlAdS spacetime is not globally hyperbolic, to have a well-defined dynamics of the theory one needs to specify the boundary condition for the metric and scalar field at every time slice. This fixing of boundary conditions for the scalar field amounts to fixing the boundary data α(x), β(x) or the relation between them. For different values of m 2 , allowable boundary conditions are different [10] [19] . Since we only consider the AlAdS 4 spacetime, we then consider only the scalar field dual to the operator of conformal dimensions ∆ = 1, 2, 3(the reason for this will be clarified later) hence the mass parameter of the scalar field are m 2 ℓ 2 = −2, 0.
For these values of m 2 , allowed boundary conditions for the scalar field are the following: 3. General boundary condition 6 : β(x) is allowed to be local function of α(x) such that β = ∂W (α) ∂α or vice versa where W (α or β) is an arbitrary function of α or β (depending on whether it is generalised from a regular or alternative quantisation perspective [20] ). The function W corresponds to deforming the CFT 3 with a multitrace deformation 7 [21] [22] [23]
particularly in asymptotically AdS 4 spacetime, this boundary conditions has been thoroughly studied in the context of "Designer gravity". [24] [25] [26] [27] [28] .
◮ m 2 ℓ 2 = 0 : Only the dirichlet boundary condition can be applied where α(x) ∼ J(x) and β(x) is identified with a one-point function of the operator with conformal dimension ∆ = 3. Note that even though the dimension of the dual operator is marginal, when the potential the scalar field has nontrivial higher order in φ such that
then the dual deformation of the CFT will be marginally relevant or marginally irrelevant depending on the higher order terms in V (φ).
Here we also note that, what is called "Dirichlet" or "Neumann" boundary condition in some literatures may refer to the boundary condition that α or β are strictly fixed to be zero respectively.
Optical geometry
Additionally, we also restricted ourselves to consider only static AlAdS spacetime with conformal boundary, ∂M. When the metric on the conformal boundary has no singularity or event horizon 8 such that the tt-component of the metric always has a definite sign, the metric can be expressed in the ultrastatic frame where the three-dimensional spacetime has topology ∂M ≃ R × Σ. Σ is an arbitrary compact static two-dimensional manifold and its conformal boundary metric is
where (∂M,ḡ µν ) and (Σ,ḡ ab ) define the geometry of the conformal boundary and its spatial part respectively. With these conditions, we can express the generic metric of static AlAdS spacetime with such a boundary in terms of the "optical frame" metric:
where the Riemannian manifold (M, g ij ) is called "optical geometry". Deep inside the bulk, it can end on a killing horizon(either extremal or non-extremal) or the union of them, which will be now called H 9 . Strictly speaking, H is not the boundary of the optical geometry but rather an asymptotic end. Having this clarified, from now on, the boundary of the optical geometry will be referred to ∂M ≃ Σ ∪ H.
Holographic bound
In this section, we show details of the derivation of the key relation in terms of a single elliptic PDE that will lead to the holographic bound which is the main result of this paper. Then we discuss some examples of potentials for the scalar field which satisfy the bound.
Derivation & General Result
By writing the equations of motion (2.2) in terms of the optical metric (2.9) and setting ∂ t φ, ∂ t Z, ∂ t g ij = 0. The tt, ij-components of the Einstein equation and the scalar field equation now take the form
• ij-equation :
• φ-equation :
and by the tt-equation, there is an additional equation which is useful for computing the on-shell action,
where D i , R ij are the covariant derivative and Ricci tensor with respect to the optical metric g ij . The key relation can be derived by considering the following tensor of solutions to the equations of motion on the optical geometry (M, g ij )
so that its trace is
with the properties
whereP ij is the traceless part of P ij ,
Taking one more derivative on (3.7) and using (3.3),(3.8) one finds that for static solutions of Einstein-Scalar theory in AlAdS 4 , the key relation is
Since g ij is a Riemannian metric, the first and second term on the right hand side are negative definite while the last term will determine whether D 2 P ≤ 0. The volume integral of D 2 P over the whole optical geometry M can be turned into a surface integral at the boundary ∂M by using the divergence theorem. Recall that the boundary ∂M consists of the conformal boundary at infinity ∂M ∞ ≃ Σ, and the killing horizon H such that
where ⋆ is the Hodge star operator with respect to the optical geometry (M, g ij ). From the key relation as shown above, D 2 P is negative definite only when the last term is negative. Therefore we define the "boundedness function" B(φ) as the following
so that potentials that satisfy B(φ) ≥ 0 (and B(φ) = 0 when ℓ 2 V (φ) = −6) will satisfy the bound D 2 P ≤ 0. Supposing that the potential satisfies B(φ) ≥ 0 then it is guaranteed that D 2 P ≤ 0 everywhere in optical geometry, therefore resulting in the bound on the surface integral over ∂M
An important question is whether this quantity is finite or not, but before discussing the finiteness and physical applications of this bound let us now discuss potentials that satisfies this bound first.
Example of potentials obeying the bound
Since the bound derived above doesn't a priori give any clue that says which potentials will satisfy the bound, we have to work it out in the case-by-case basis to verify it. However, for some generic potentials, we can show that they satisfy the bound in some ranges of their parameters.
The simplest kind of potential with boundedness function:
Therefore B(φ) ≥ 0 for relevant and marginal deformations according to −2 ≤ m 2 ℓ 2 ≤ 0.
The generic type of potential that can be obtained from top-down supergravity construction, see [21] [32] as examples.
then the small φ expansion of B(φ) will always retains the same leading term.
Since there are two parameters involved, to see which ranges of m 2 , λ 4 make B(φ) positive for all value of φ is nontrivial. Nevertheless, we analytically found that B(φ) ≥ 0 at the range λ 4 ∈ [−1/24, 0] for both m 2 ℓ 2 = −2 and 0 cases.
Note that even though potentials considered in this section are unbounded from below, they are still "safe" in the sense that their zero temperature solutions are of the "good singularity" type as φ → ∞ as long as |V (φ)| grows slower than exp( √ 3φ) as φ → ∞[7] [33] . Next, we move on to discuss the physical application of the main result (3.13).
Bound on physical quantities
Since the main result ∂M ⋆dP ≤ 0 is already obtained in (3.13) , further questions to be answered are: (1) Is it finite? (2) If it is so, what is the physical quantity that this surface integral corresponds to? The answer to the first question can be found by performing an expansion near the surface on which it is integrated. Any suitable near UV or IR coordinates of the bulk spacetime can be translated to optical frame variables and hence P nearby such surfaces can be expressed in terms the optical frame variables as defined in (3.6) and hence we can make sense of the surface integral of P .
Finite temperature
For finite temperature solutions, their bulk geometries end on the killing horizon H whose surface gravity is related to its Hawking temperature by the relation κ = 2πT where the surface gravity is defined with respect to the killing vector ζ = ∂ t by (ζ · ∇)ζ A | H = κζ A | H . Here let's consider the near boundary and near horizon expansions of the integrand of the surface integral ∂M ⋆dP and discuss its finiteness.
• Near conformal boundary
Near the conformal boundary ∂M, the metric can be written in the Fefferman-Graham gauge [34] [35]:
the metric itself has the near boundary expansion
where γ (0)µν =ḡ µν is the metric on conformal boundary and γ (2∆ − )µν coefficient is a consequence of the backreaction of the scalar field 10
while near boundary expansion of the scalar field takes the same form as (2.6)
In the optical frame, P has a near boundary expansion as shown in (A.1)
whereP depends onR which is the scalar curvature of the boundary metricḡ µν and the boundary data of the scalar field, α and E(x) = 3C T γ (3)tt . Hence in order to obtain the surface integral over the boundary, we need the normal derivative of P
Note that the above expression of ∂ n P is divergent as r → ∞ thanks to the term
On the other hand, it is finite in the case of ∆ − = 1, 0 which corresponds to the scalar field mass m 2 ℓ 2 = −2 and 0 respectively.
• Near horizon
The near horizon metric in normal radial coordinate whose horizon locates at r = 0 takes the form 11
and the scalar field
where κ = 2πT , R is the scalar curvature of ě ab , ϕ is the value of φ on the horizon and D is covariant derivative with respect to ě ab .
In the optical frame, with respect to the above near horizon coordinate, a near horizon expansion of P is
10 To be sufficient for further discussions in this paper for the ∆− in the range 1 ≤ ∆− < 3/2 we only need one term that is subleading with respect to γ (2)µν . For ∆− = 0 and 1, the contribution from the scalar field is already included in the γ (2)µν term. 11 Note here that the radial coordinate r in near horizon coordinate and r as used in the above FG gauge near r = ∞ are generally different coordinates.
Using both expansions, given that the divergent term of ∂ n P vanishes, the surface integral (3.13) can be integrated in the following way
where entropy is S = A H /4G 4 = 4πC T A H /ℓ 2 . Next, their free energy which is computed from renormalised euclidean on-shell action such that
as the details shown in (B.1).
◮ m 2 ℓ 2 = −2 : the free energy for the solutions with different boundary conditions are
3. General BC(or Robin BC) : ∆ = 1, β = ∂W ∂α the free energy can be calculated as outlined in [36] F Robin (T, α) = 
As a consequence of the inequality (4.10), the free energy can be bounded from above
The above result for m 2 = 0 can be seen as a generalisation of the bound presented in [12] which is only valid for the scalar field without nontrivial higher order terms in the potential, while the bound presented here is valid for any potential regardless of higher order terms in φ as long as the potential satisfy B(φ) ≥ 0. Having obtained these results, we can move on to consider the bound for zero temperature solutions.
Zero temperature
Having obtained the finite temperature result for AlAdS 4 with the conformal boundary ∂M ≃ R × Σ where Σ has finite volume, we are able to consider the zero temperature vacuum state of the bulk geometry (and hence of the holographic CFT 3 as well). As we are considering the vacuum solutions that can be taken from zero temperature limit of black hole solutions [7] , such spacetimes have zero or finite entropy as T → 0 12 (such that the T S term in the free energy vanishes at T = 0, lim T →0 T S = 0) the vacuum energy bound can be obtained as a zero temperature limit of the free energy bound
Hence for conformal dimensions ∆ = 1, 2, 3 as discussed previously, the vacuum energy bound becomes
Generalisation to infinite volume boundary Even though our main focus is the case where the spatial part of conformal boundary Σ has finite volume, under some restrictions the bound on free energy and vacuum energy can be generalised to the case of infinite volume boundary in the following senses.
• Holographic lattices : spatially periodic source fields on the conformal boundary 13 have great applicability in the context of holographic lattices(such as [39] [40]). They are normally realised on noncompact spaces. Our result for Σ ≃ T 2 can be decompactified and then the bounds as described above can be seen as the bound of such quantities per unit cell of the lattice. 12 An example of a spacetime with S → 0 as T → 0 is the zero temperature limit of toroidal black hole which ends on the quotient of the singular Poincare horizon in the IR [37] . For a spacetime with finite entropy as T → 0, an example is the zero temperature limit of topological black hole [38] whose bulk geometry ends on the degenerate horizon. 13 Such a deformation would correspond to the sources that take the form α(x) ∼ cos kx,ḡ ab ∼ cos kx.
• CFT 3 with a localised deformation : for the deformations where the sources α,ḡ ab are localised (see e.g. [41] [42] for numerical solutions and the analysis in this setting).
In the zero temperature case, we speculate that if the sources on the conformal boundary decay rapidly enough (for example, in the case of chemical potential source in Einstein-Maxwell theory as in [41] ), the IR geometry would end on the null Poincare horizon [43] . This horizon is regular and the near horizon expansion is smooth there (an example for pure gravity case is shown in appendix.(A.3)) If this scenario is true, ∂M ⋆dP will not receive any contribution from the IR geometry and the region far away from the localised source on the conformal boundary. Hence the vacuum energy bound can be seen as the Casimir energy bound due to the localised deformations.
Reverse engineering the potential
The logic that we followed until now is that for Einstein-scalar theory with arbitrary potential V (φ) with mass parameter m 2 ℓ 2 = −2, 0 whether there exists a bound on energy or free energy can be tested by putting V (φ) into equation (3.12) and checking if B(φ) ≥ 0 or not. If B(φ) ≥ 0, it is ensured that there exists the upper bound of the form as shown in section (4.1) and (4.2).
The logic in this section is different, equation (3.12) that is defining B(φ) can be viewed in another way as a differential equation to be solved for V (φ) with a source given by an arbitrary function B(φ)
For a given positive B(φ) function, V (φ) can be solved from this equation with initial condition V (0) = −6/ℓ 2 . Then it can be plugged into the Einstein equation and scalar field equation (2.2) to solve for g AB and φ which results in the solution whose vacuum energy or free energy satisfies the upper bound.
In the simplest case when B(φ) is identically zero, the differential equation (5.1) can be directly integrated to obtain the nontrivial solution which is not V (φ) = −6/ℓ 2 . The solution is
In the next section, we will use this potential to demonstrate how the bound is satisfied for both finite and zero temperature solutions.
Consistency check from spatially homogeneous solutions
In this section, we will examine a detailed example for the scalar field with mass m 2 ℓ 2 = −2. Using the example of ℓ 2 V (φ) = −3 − 3 cosh 2/3φ . In the spherically symmetric setting we consider black hole and soliton solution where the scalar field is subjected to a generalised boundary condition,
where the coefficient β = f α 2 is characterised by the function W (α) such that
This boundary condition and W (α) function is holographically dual to the deformation with operator of conformal dimension ∆ = ∆ − = 1 where α and W (α) are identified with the deformation of the holographic CFT in the following way
which is the triple trace deformation preserving conformal symmetry in field theory 14 .
In both finite and zero temperature cases, we take the spherically symmetric metric ansatz of the form ds 2 = −g(r)e −2χ(r) dt 2 + g(r) −1 dr 2 + r 2 dΩ 2 2 (6.4)
With this ansatz, Einstein equation and scalar field equation take the form(in ℓ = 1 unit)
From now on in this section, we will take ℓ = 1 and 16πG 4 = 1 = C T for simplicity.
Black hole solution
For the black hole solution, apart from the scalar field as in (6.1), the asymptotic behaviour of metric functions g(r) and χ(r) take the from
Furthermore, at the horizon r = R h such that g(R h ) = 0, the near horizon expansion for g(r), χ(r), φ(r) take the form
In general dimensions, the multitrace deformation preserving conformal symmetry takes the form
where g ′ (R h ) depends on the horizon radius and scalar field at the horizon (R h and φ h )
For each fixed f of the scalar field boundary condition, there are {µ, α, χ 0 } as the boundary data and {R h , φ h , χ h } as the horizon data. However, χ 0 can always be set to zero by redefinition of the time coordinate: t → te χ 0 so that χ h can be fixed at an arbitrary value.
Thermodynamics quantities for these given boundary and horizon data, thermodynamics quantities of the black hole can be calculated as the following
• Mass : The mass of black hole can be calculated from the holographic renormalisation procedure, and for designer gravity with m 2 = −2, boundary counterterms are given in [36] . The mass of the black hole is
To verify the holographic bound (3.13) at finite termperature, we look at the quantity (4.10). In this case, Dϕ = 0 and χ(H) = χ(S 2 ) = 2, we have to check the inequality
we show numerical results in Fig.(2) for a sample of black hole solutions which are obtained using the method outlined in [44] (see Fig.(1) ). It is obvious that the bound is satisfied for all solutions considered. Following the holographic renormalisation with counterterm action as presented in [36] , the free energy (in terms of E) of black hole solutions is
Then, as a consequence of the bound (6.16), the free energy upper bound of black hole solutions in designer gravity at m 2 = −2 is 
Soliton solution
For soliton solutions, asymptotic expansions of g(r), χ(r), φ(r) are the same. Since soliton solutions are regular, then the near origin(r = 0) the expansion takes the form
and since χ c can be fixed to be an arbitrary value, then soliton solutions are a one-parameter family of solutions parametrised by φ c . Therefore, at each value of φ c , the equations of motion (6.5) can be integrated from r = 0 to arbitrarily large r and boundary data µ, α, β can be obtained for each solution [25] . As for black hole solutions, soliton solutions have E = 2(µ + αβ). Therefore, as a consistency check of the holographic bound (3.13), we have to check the bound
From Fig.(4) , soliton solutions for the scalar field with V (φ) = −3 − 3 cosh ( 2/3φ)) βs@αA μs §α1 obviously satisfy the bound (3.13) . Then, as a consequence of this bound, the soliton mass
is bounded from above. This result is an upper bound as opposed to the positive energy bound for spherically symmetric solitons in designer gravity which is the lower bound as has been advocated in [26] [27][45] [46] . We emphasise that this lower bound can be applied to more general scalar potentials but only for spherically symmetric soliton solutions and hence the bulk is asymptotically global AdS 4 with a constant scalar source. Therefore, in the cases where B(φ) ≥ 0 is satisfied, the mass of spherically symmetric solitons is bounded from both above and below 4πW (α) ≤ M s ≤ 4π(W (α) − αβ) (6.24)
Note that this also implies that αβ is indeed negative for such spherical symmetric solutions as the numerical result shown in Fig.(3) confirms.
Conclusion & Discussion
Summary In this work, we derived the upper bound on physical quantities, namely vacuum energy and free energy for static solutions in Einstein-Scalar theory in four dimensional AlAdS spacetime. A simple criterion to test whether the Einstein-Scalar system with arbitrary potentials V (φ) with the mass parameter m 2 ℓ 2 = −2, 0 obey the bound is given in terms of the function B(φ) which is determined purely by the potential of the scalar field. Some examples of potentials that can satisfy the bound are shown and studied.
The upper bound on vacuum energy for solutions at zero temperature as shown in (4.2) is only dependent on the boundary data of the scalar field while the upper bound on free energy of finite temperature solutions as shown in (4.1) is determined by the boundary data as well as the horizon data of the scalar field and the topology of the killing horizon where the spacetime in the bulk ends(assuming the geometry is regular there).
Implications for QFTs
The results shown in this paper so far are stated in terms of the upper bound on energetic quantities for the bulk theory in an AlAdS spacetime. However, as a consequence of holographic duality, the energy and free energy bound can be mapped directly to the vacuum energy and free energy of holographic CFT in static curved spaces, ds 2 = −dt 2 + dΣ 2 which is deformed by the dual operator O as
is the inhomogeneous function on the curved space 15 .
One related question is this respect is the field theoretical meaning of the boundedness function B(φ) which seems to be obscure in the sense that it is not known whether there are something special about it in terms of field theory. Is it just something that happens to be "useful" from the analysis of equations of motion?
Open questions Apart from those we already discussed, there are some open questions arising from our results;
• Bounding Σ αβ : The bound derived earlier is the bound on the integral of E which basically is the Fefferman-Graham coefficient of g tt which is dual to (part of) T tt of the holographic CFT. Is there any way to bound Σ αβ by more fundamental quantities of the spacetime?
• Generalisation to other ∆ : The approach shown in this paper can only obtain the result for the dual operator of dimensions ∆ = 1, 2, 3 since the divergent term from the near conformal boundary part of the surface integral ∂M ⋆dP (4.6) vanishes only at these values of ∆. Is there a more general approach or divergence cancellation which yields the bound for relevant deformations of general ∆?
• Inclusion of other fields in the bulk : An obvious direction that can be extended from this work is finding the bound on physical quantities of other theories in the bulk where extra fields apart from the pure gravity are included such as multiple scalar fields, Maxwell field, extra U (1) gauge fields, etc. If such a bound could be found in these types of theories, it could be valuable in the context of AdS/CMT correspondence in which many holographic models for condensed matter systems are based on Einsteins-Maxwell theory such as Einstein-Maxwell-Dilaton model [47] [48] [49] , Einteins-Maxwell-Abelian Higgs model [15] [50] [51] and the extensions thereof.
• Relation to the Gauss-Bonnet theorem : For pure gravity in AlAdS 4 , the free energy bound in [11] can also be derived from a purely geometric way(without referring to physical quantities in AlAdS) in terms of the "renormalised volume bound" which is proven by the use of the Gauss-Bonnet theorem [52] without restricting to only static solutions. Then the obvious question is: can the result presented in this paper be derived from the generalisation of the 'Gauss-Bonnet theorem' method of proof?
A Near boundary and near horizon expansion in optical frame WARNING: In this section, the notation "r" is used repetitively to represent the radial coordinate in different situations we consider in each subsections. To prevent further confusions, we note here that r → ∞ as we reach the conformal boundary of AlAdS and r → 0 as we reach any horizon(extremal or non-extremal) deep inside the bulk. Moreover, the coordinate "r" we used in each subsection are not necessarily defined in the same coordinate patch, nor the extendable to the whole spacetime with a single coordinate patch.
A.1 Near boundary expansion
For the metric in optical frame as shown in (2.9), we can define the radial coordinate r such that the conformal boundary is located at r = ∞. Near the conformal boundary, a metric of AlAdS spacetime can be written in the Fefferman-Graham gauge in which we can perform the near boundary expansion of the metric and scalar field efficiently. We arrange the metric in Fefferman-Graham gauge such that
In this detailed calculation, we will show the result for cases where the mass of the scalar field lies in the range m 2 BF ℓ 2 < m 2 ℓ 2 < m 2 BF ℓ 2 + 1 and m 2 ℓ 2 = 0 respectively. In FG gauge γ µν and the scalar field have the asymptotic expansion in both cases as follows:
• m 2 BF ℓ 2 < m 2 ℓ 2 < m 2 BF ℓ 2 + 1 : In particular, the case of m 2 ℓ 2 = −2 that we consider in the main text lies in the smaller subrange m 2
where the term γ (2∆ − )µν is the consequence of the backreaction of the scalar field which is of order O(φ 2 ) 17 . Coefficients γ (2)µν , γ (2∆ − )µν can be expressed in terms of boundary data of the metric and scalar field as
and the trace of γ (3)µν is
where (0) is the d'Alembertian with respect to γ (0)µν . γ (2) µν is also taking the backreaction of the scalar field into account
furthermore, the trace of γ (3)µν vanishes, γ (3) = 0. 16 If the cubic interaction term is present, the near boundary expansion of φ with mass m 2 ℓ 2 = −2 will have the logarithmic term [10] . For simplicity, we will not consider such a case here. 17 For other values of mass outside of the range m 2 BF ℓ 2 < m 2 ℓ 2 ≤ m 2 BF ℓ 2 + 1/4 there could be other subleading terms such as r −3∆ − , r −4∆ − which are of order α 3 , α 4 respectively. For the detailed analysis, see [10] .
According to the setting considered in the paper γ (0)µν =ḡ µν in (2.8) . These near boundary expansions for the metric and scalar field can be translated to the optical frame variables as the following:
This leads to FG expansions for Z, g ab and g rr (We show γ (2∆ − ) in the general expressions. For m 2 ℓ 2 = 0, this γ (2∆ − ) term should be omitted.)
where γ (0)tt = −1 and γ (0)ab =ḡ ab . Then the near boundary expansion of P is
where we define E(x) = 3C T γ (3)tt as a part from the metric that always contributes to energy density in the holographic stress tensor T µν . Then the conformal boundary contribution to the surface integral of ∂ i P (in optical frame) becomes
for α = 0, the surface integral is divergent for 1 < ∆ − < 3/2 while it is perfectly finite for ∆ − = 1 or ∆ − = 0. In the case where the divergent term vanishes, the conformal boundary contribution of the surface integral is simply
A.2 Non-extremal horizon
At finite temperature, the volume integral of D 2 P will automatically give the contribution to the on-shell euclidean action 18 , hence it can also bound the free energy. In this situation, we assume the spacetime having killing horizon H with surface gravity κ = 2πT , then locally near the horizon the metric can be written in terms of normal radial coordinate r and horizon spatial coordinate x a as
where Q(r, x) and ě (H) ab (r, x) is smooth function in r 2 at r = 0 where the horizon is located at,
Here R ab , R and D a are the Ricci tensor, Ricci scalar and covariant derivative with respect to metric on the horizon ě ab (x). With the above near horizon behaviour, Z(x k ) and g ij (x k ) of optical geometry can be written as
Hence,by using (3.6) the near horizon expansion for P is
where the surface gravity is κ = 2πT . The near horizon contribution for integral of D 2 P over the whole optical geometry is
are the area and Euler characteristic of H respectively, and
A.3 Extremal horizon
For pure gravity in the bulk, in the case that conformal boundary having null infinity and being at zero temperature(vanishing surface gravity) the IR geometry is extremal horizon whose metric near the horizon take the form [43] [53] Upon taking near horizon limit by (t, r) → (t/ǫ, ǫr) then taking ǫ → 0 the near horizon geometry looks like
where ψ(y) 2 = U (0) (y) = V (0) (y) and h (0) ab (y) are near horizon data of the metric. Using the above metric for extremal horizon geometry (A.23) we can deduce that function Z(x i ) and optical metric g ij (x i ) in terms of functions in metric (A.23) take the following form Z(r, y a ) = ℓ r U (r, y a ) (A.25) 26) where ω 2 = h ab ω a ω b . Let's consider quantity P , thank to (3.6) we can translate P in terms of optical geometry to extremal horizon geometry quantities using
together the above data for Z(r, y a ) and g ij (r, y a ) where n r = 1/ √ g rr = r 2 (U/V ) 1/2 is radial component of unit spacelike normal vector.
B On-shell action from optical frame variables
Using the trace of the equations of motion (2.2) and (3.4) to substitute in the action then the bulk part of the on-shell action S bulk = S grav + S φ becomes
where g (op) is the square root determinant of the 3d optical metric g ij . Putting all these quantities into S bndy for regular and alternative quantisation respectively
At finite temperature, the IR geometry ends on a killing horizon with surface gravity κ = 2πT and the on-shell action will also get a contribution from killing horizon(s) as well, using the near horizon expansion in (A.15) the IR part of S bulk in (B.1) is 19
where A H = d 2 x √ ě is the horizon area. Having obtained S where the coefficient of αβ term is ∆ − or ∆ + for the scalar field subjected to regular or alternative quantisation respectively and the entropy is S = A H 4G 4 . Then we can make a transition to the euclidean signature by making the substitution 
